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Homework #12: Phase Transitions & Critical Phenomena: Gaussian fluctuations (one-loop corrections)
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Note: References from which some of the following problems have been taken are available upon request.

1: Fluctuations around a multicritical point. As shown in Homework # 11, the Landau-Ginzburg Hamiltonian

K t
BH = /ddx [5 (V<,9)2 + 5902 + up? 4+ vt (1)

with u = 0 and v > 0 describes a tricritical point. Here, ¢(x) is a scalar field (order parameter).
(i) Compute the one-loop (or Gaussian-fluctuations) correction to the mean-field free energy.

(ii) Calculate the two-point correction function of the field fluctuations and, hence, determine the singularity
in the susceptibility of the system as one approaches the critical point, ¢ — 0.

(iii) Calculate the heat capacity singularity as ¢t — 0 within the mean-field approximation and find the fluctu-
ation correction to the heat capacity.

(iv) For ¢ < 0 obtain a Ginzburg criterion and the upper critical dimension for validity of mean-field theory at
a tricritical point.

(v) Use a Ginzburg criterion or dimensional analysis to find the upper critical dimension for the multicritical
point described by the Landau-Ginzburg Hamiltonian

K t U
fH = /dd:c — (Vo) + -9+ =" b, Uy > 0. (2)
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2: Determine the upper critical dimension for a strongly anisotropic dipolar magnet with Hamiltonian

d 2
BH = /d‘jlas{%%72 +us04} +/ (;lﬂ()ld g’ +v (%)] lo(@)f?, (3)

where || specifies the single direction defined by anisotropic field, ¢? = qﬁ +¢%, and u, ¢ and v are positive
constants. Hint: It is useful to introduce the anisotropic correlation lengths via:

G aq) = [f +elgf +q1) + vaif /(aff + fﬁ)} ~t[14 (qr€)” +v(q € /acén)?],
where {| =t and £, =t7"+ with vy =1 and v, = 1/2.

3: Gauge fluctuations in superconductors and the Anderson-Higgs mechanism. The Ginzburg-Landau model of su-
perconductivity describes a complex superconducting order parameter ¥(x) and the electromagnetic vector
potential A (x) according to the Hamiltonian

t K L
BH = /d% {5\1:2 + u| Wt + 5 Dp¥ D" + 2 (V A)|. (4)

The gauge-invariant derivative, D, = 0,, — ieA,(x), introduces the coupling between the two fields.
(i) Show that there is a mean-field solution of the form W(x) = ¥ and A(x) = 0. Find ¥ for ¢t > 0 and ¢ < 0.

(ii) For t < 0, calculate the cost of fluctuations by setting W(x) = (¥ + ¢(x)) exp[if(x)] and A,(x) = a,(x)
(with dya, = 0 in the Coulomb gauge) and expanding S to quadratic order in ¢, 6 and a.

(iii) Calculate the Fourier-transformed quantities (|¢(q)|?), (|0(q)|?) and (|a(q)|?) and show that the gauge field,
which is massless in the original theory, acquires a finite mass through its coupling to the order parameter.
This is known as the Anderson-Higgs mechanism.
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4: Ginzburg criterion along the magnetic field direction. Consider the Hamiltonian

BH = /ddx {%(Vm)z + %m2 +u(m?)? —h-m (5)

describing an n-component magnetization vector m(x) with u > 0.

(i) In the mean-field approximation indicate the resulting phase boundary in the (h,¢) plane and label the
phases (h denotes the magnitude of h).

(ii) Sketch the form of the mean-field free energy density for ¢ < 0, on both sides of the phase boundary, and
fort >0 at h=0.

(iii) For ¢ and h close to zero, the mean spontaneous magnetization can be written as m = t7g,, (h/t*). Identify
the exponents 8 and A in the mean-field approximation.

For the remainder of this problem set t = 0:

(iv) Calculate the transverse and longitudinal susceptibilities at a finite h and determine the longitudinal and
transverse correlation lengths.

(v) Calculate the scaling form of the one-loop correction to the free energy, magnetization and longitudinal
susceptibility due to Gaussian fluctuations around the mean-field solution.

(vi) By comparing the mean-field value with the correction due to fluctuations, find the upper critical dimension,
dy, for the validity of the mean-field result.

(vii) For d < d,, obtain a Ginzburg criterion by finding the field hg below which fluctuations are important.
(You may ignore the numerical coefficients in h¢, but the dependencies on K and u are required.)



